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Simulation
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1School of Mechanical Engineering, Pusan Clean Coal Center, Pusan National University, Busan,

Republic of Korea
2School of Mechanical Engineering, Georgia Institute of Technology, Atlanta, Georgia, USA
3School of Environmental Science and Engineering, Gwangju Institute of Science and Technology (GIST),

Gwangju, Republic of Korea
4Department of Mechanical and Energy Engineering, University of North Texas, Denton, Texas, USA

Fractal-like aggregates exhibit interesting properties that
determine their physicochemical advantages, and thus, the
control and prediction of aggregation is critical for many
applications. An off-lattice kinetic Monte Carlo (KMC)
simulation was performed to investigate the aggregate evolution
from primary particles to three-dimensional fractal aggregates,
at three different volume fractions. We have found that at low
volume fraction, aggregation kinetics is slow, and aggregate
morphology is widely open and stringy, with fractal dimension of
(Df) 1.8, in which the system is constantly preserved in the dilute
regime. In denser volume fractions, however, the aggregation
kinetics appears to be accelerated and aggregate morphology is
more compact and less stringy due to the transition from dilute to
dense regimes. Moreover, the volume fractions determine what
kind of coagulation mechanism may occur to produce aggregates
with different morphologies. At low volume fraction, coagulation
is predominated by coagulation between aggregates in which the
maximum probability of interpenetration event is only 18%. This
suggests that aggregates at low volume fraction can maintain
their self-similarity behavior. While at high volume fraction,
coagulation is predominated by two subsequent coagulation
mechanisms, namely, primary particle–aggregate and aggregate–
aggregate interaction. The probability of interpenetration event
increases up to 40%. In addition, the interpenetration process as
well as the primary particle–aggregate coagulation, particularly
in the dense regime, could produce superaggregates with a hybrid
structure with a high fractal dimension at large size scales and a
low fractal dimension at small scales. A detail mechanism for the
formation of superaggregates was discussed.

1. INTRODUCTION

It is well known that fractal-like aggregates show interest-

ing properties and are useful in many applications (Kim et al.

2010): (a) to enhance heat transfer in a liquid (Evans et al.

2008), (b) to play the role of a thermal insulator (Reim et al.

2005), and (c) to build a porous film (Madler et al. 2006).

Since the abnormal properties of aggregates are highly depen-

dent on their structures and sizes, precise prediction of aggre-

gation and morphological control of particles in a gas or a

liquid are of great interest. Various methods have been pro-

posed to simulate aggregation of particles, such as the popula-

tion balance equation (PBE), the sectional method, Brownian

dynamics simulation, and kinetic Monte Carlo (KMC) simula-

tion. The Brownian dynamics simulation, which allows for

accurate prediction of microstructural evolution of aggregates

(Kim et al. 2010; Lattuada 2012), requires the longest compu-

tation time (Kim et al. 2010; Sanz and Marenduzzo 2010)

among the others. The population balance equation (Kim et al.

2010; Lattuada 2012) and the sectional method (Vemury and

Pratsinis 1995), which are computationally more efficient for

simulating the aggregation kinetics, do not provide informa-

tion about the aggregate structure (Kim et al. 2010), and the

KMC simulation likely represents the best compromise

between the two categories: to offer detailed information of

aggregate structures in a moderate computation time.

Particles in a gas often undergo diffusive aggregation after

being generated by nucleation (unless they are electrically

charged), leading to formation of aggregates having self-similar

structures as characterized by a single fractal dimension Df. In

this case, the growth of particles is limited by diffusion of -

particles, and the value of Df typically ranges from 1.7 to

1.8. Hence, the mechanism of this aggregation is called

diffusion-limited (cluster–cluster) aggregation (DLCA). Unlike
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aerosol particles, colloidal particles in a liquid often experience

repulsive inter-particle potentials, making inter-particle collision

less effective. Hence, the particles have better chance to move

deeply inside the open structures and thereby to make a denser

structure denoting higher Df (>2.1). In this case, since the

growth of particles is limited by reaction (bonding) rather than

diffusion, the aggregation mechanism is called reaction-limited

(cluster–cluster) aggregation (RLCA) (Kim et al. 2010). Based

on these differences in aggregation, Df has been often used as a

criterion to determine the aggregation mechanism of particles.

However, this is partly true only in the dilute limit. In more

realistic situations such as sol–gel reactions, aggregation

accompanied by nucleation of new particles continues for a

long time, moving the system out of the dilute condition

toward a dense (high-concentration) condition. Note that Df

may increase up to 2.5–2.6 at high concentration even in the

absence of inter-particle repulsion (Gimel et al. 1999; Fry

et al. 2004a,b; Dhaubhadel et al. 2006; Kim and Sorensen

2006; Sorensen and Chakrabarti 2011). According to Hasmy

et al. (1997), a type of transition into a gelation stage takes

place when the volume fraction exceeds a critical value of

0.055, resulting in a high value of Df (larger than 2.0). Other

researchers (Gimel et al. 1999; Rottereau et al. 2004; Orrite

et al. 2005) reported, however, that a similar transition occurs

in the entire range of volume fraction considered (from 0.0005

to 0.3) and the structural transition becomes faster with

increasing volume fraction. Hence, it is of significant impor-

tance to investigate the effect of volume fraction of particles

on the aggregation kinetics as well as the value of Df, or more

precisely on micro-structural evolution.

Since the fractal dimension, Df, has generally been used to

characterize aggregate structures, many experimental and the-

oretical investigations have been performed to monitor Df of

aggregates during their aggregation process (Lattuada et al.

2003; Chakrabarty et al. 2009; Wu et al. 2013). For example,

some researchers (Kostoglou and Konstandopoulos 2001;

Gruy 2011) using the KMC simulations reported that Df kept

decreasing, with time, down to 1.6–1.8, starting from 1.9 or

even higher. There are also some reports showing the opposite

results, from either the KMC simulations (Yang and Biswas

1999; Mazumdar et al. 2011) or experiments (Dhaubhadel

et al. 2009; Alimova et al. 2009; Soos et al. 2009); in these

reports, Df was reported as increasing to 1.7–1.8, from a start-

ing point below 1.55. In addition to this controversy, there are

some evidences showing that the morphology of aggregates

cannot be fully characterized only by the fractal dimension,

suggesting other complementary factors such as shape anisot-

ropy (Lindsay et al. 1989; Sorensen and Roberts 1997; Fry

et al. 2004a, b; Heinson et al. 2010; Heinson et al. 2012) and

coordination number (Brasil et al. 2001; Bushell et al. 2002).

Note that Df is derived from the averaged description of

fractal scaling of the mass and radius (Equation (1)) for all

aggregates that exist at a certain time. This means that a single

value of Df can be obtained for aggregates that might have

different morphologies or shapes; Heinson et al. (2010, 2012)

showed that a group of fractal aggregates with a constant value

of Df might have different shape anisotropy values. On the

contrary, Fry et al. (2004a,b) observed that the DLCA (Df »
1.75) produces very anisotropic aggregates while the RLCA

produces more isotropic aggregates. More recently, Mansfield

and Douglas (2013) found a similar strong correlation between

the anisotropy and Df in the diffusion-limited (cluster-

monomer) aggregation. Besides, the coordination number is

quite a useful parameter in some cases such as estimating the

effective thermal conductivity or fabric tensor of an aggregate

(Tassopoulos and Rosner 1992; Brasil et al. 2001).

Therefore, in the present article, we perform a series of

KMC simulations in an attempt to investigate morphology

change of aggregates during their diffusion-limited aggrega-

tion in a wide range of volume fractions. The main purpose of

this study is to provide complete dataset to understand the rela-

tionships of the fractal dimension, coordination number, and

shape anisotropy of aggregates and thereby to elucidate dis-

tinct differences in aggregation mechanisms at different vol-

ume fractions.

2. CHARACTERIZATION OF FRACTAL-LIKE
AGGREGATES: SIZE AND MICROSTRUCTURE

2.1. Fractal Dimension

Fractal-like aggregates are usually composed of sufficiently

large numbers of primary particles so as to show their self-sim-

ilar characteristics in the structure, and thereby make them

fractal-like. Under this circumstance, the aggregates are char-

acterized by the power law:

Np D kf Rg/a
� �Df

; [1]

where Np is the number of primary particles comprising an

aggregate, Rg is the radius of gyration of the aggregate (Hein-

son et al. 2010, 2012), a is the radius of primary particles, and

kf is the prefactor. The radius of gyration of the ith aggregate,

Rg,i, is calculated by

Rg;i D
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

Np;i

XNp;i

jD 1

x2j

vuut ; [2]

where the subscript i in Np,i and Rg,i denotes the ith aggregate,

and xj is the distance of the jth primary particle from the center

of mass of the ith aggregate. Given a dataset of Np and Rg for the

entire aggregates existing at a time, values of Np are plotted

against values of Rg/a in a log–log scale. Based on Equation (1),

Df and kf can be obtained from the linear fitting of the log–log

plot. Note that the single value of Df represents the structural

characteristics of an ensemble of aggregates existing at a time.

Thus, the Df might be treated as a sort of average value (will be
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explained later), in contrast to the value ofDf for each individual

aggregate that could be obtained by the nested sphere method

(Fry et al. 2004b). We would clarify that the term of Df signifies

the average value hereafter unless otherwise stated. Alterna-

tively, a mathematical formula for Df can be used from a linear

regression analysis as follows:

Df D
XN

iD 1
ln Rg;i/a
� �£ ln Np;i

� �¡ 1

N

XN

iD 1
ln Rg;i/a
� �£XN

iD 1
ln Np;i

� �
XN

iD 1
ln Rg;i/a
� �2¡ 1

N

XN

iD 1
ln Rg;i/a
� �� �2

;

[3]

where N is the total number of aggregates in the calculation

domain at a time. Under diffusion-limited aggregation, the value

ofDf is known to approach 1.85 when Np � 20 in the dilute con-

dition (Lattuada et al. 2003).

2.2. Coordination Number

Average coordination number hCnii for the ith aggregate

with Np,i primary particles is calculated by

hCni i D
XNp;i

jD 1
Cni;j

Np;i
; [4]

where Cni,j represents the coordination number of the jth pri-

mary particle, i.e., the number of its nearest neighbors in the

ith aggregate. Likewise, the average coordination number for

the entire aggregates, hCni, is obtained at any given time by

hCni D
XN

iD 1
hCni iNp;iXN

iD 1
Np;i

; [5]

2.3. Shape Anisotropy

Shape anisotropy of an aggregate can be described by the

eigenvalue of inertia tensor of an aggregate (Fry et al. 2004a,

b; Heinson et al. 2010). For an ith aggregate consisting of Np,i

numbers of primary particles, the inertia tensor T for aggregate

i is expressed as the following equation:

T D
XNp;i

jD 1

yj
2 C zj

2 ¡ xjyj ¡ xjzj

¡ xjyj xj
2 C zj

2 ¡ yjzj

¡ xjzj ¡ yjzj xj
2 C yj

2

0
B@

1
CA; [6]

where xj, yj, and zj are the position coordinates of the jth pri-

mary particle with respect to the center of mass of the ith

aggregate. By diagonalizing and normalizing the inertia tensor

T with Np,i, one can obtain the square of principal radii of

gyration, Rk
2 for k D 1, 2, and 3 where R1 � R2 � R3:

TDiagonalization DNp

R2
1 0 0

0 R2
2 0

0 0 R2
3

0
B@

1
CA: [7]

Then, the shape anisotropy which is a measure of the aggre-

gate “stringiness” can be defined by the ratio of the squares of

principal radii of gyration (Fry et al. 2004a,b; Heinson et al.

2010):

A13 D R2
1

R2
3

: [8]

An average anisotropy for the entire aggregates at a time,

hAni, is calculated by

hAni D
XN

iD 1
A13;iNp;iXN

iD 1
Np;i

; [9]

where A13,i is an anisotropy value of the ith aggregate at time t.

2.4. Aggregation Regime and Separation Distances
Between Aggregates

The study of the effect of volume fraction on coagulation

may require information of the average cluster–cluster separa-

tion. According to previous researchers (Gimel et al. 1999;

Fry et al. 2002, 2004a,b; Rottereau et al. 2004; Orrite et al.

2005; Dhaubhadel et al. 2009), it is generally accepted that a

system is in the dilute regime when the average aggregate–

aggregate separation is very large as compared to the aggre-

gate size, while a system is in the dense regime when the aver-

age aggregate–aggregate separation is no longer large as

compared to the aggregate size. Quantitatively, these two

aggregation regimes are determined by the ratio between aver-

age particle size hRgi and the average aggregate–aggregate

separation distance hRnni, where a critical value of hRnni/hRgi
�2.0 represents where a system evolves from the dilute regime

into the dense regime (Fry et al. 2002; Dhaubhadel et al.

2009). This value might be simply taken from the fact that the

distance between the centers of two adjacent aggregates with

similar radii of Rg is 2Rg. As a result, if the distance between

those aggregates is smaller than 2Rg, the interpenetration may

occur intensively, suggesting that the ratio hRnni/hRgi can

describe well how dense a system should be with respect to

interaction between aggregates. Thus, using our KMC simula-

tion, we can reveal hRnni/hRgi in real time, representing the

aggregation process between these two regimes, which has not

been revealed in previous results (Gimel et al. 1999; Fry et al.
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2002, 2004a,b; Rottereau et al. 2004; Orrite et al. 2005;

Dhaubhadel et al. 2009).

2.5. Coagulation Mechanism and Interpenetration

After discriminating aggregation into two-different regimes,

i.e., the dilute and dense regime, we provide direct evidences in

a quantitative manner from every event of coagulation in order

to explain possible mechanisms that may affect the Df profile.

Here, the coagulation mechanisms are classified into two cate-

gories: (a) based on the size of aggregates and (b) based on the

position where coagulation occurs. According to the mass (size)

of aggregates, there are three types of coagulation mechanisms

(Brasil et al. 2001): (1) coagulation between primary particles

(P-P), (2) coagulation between primary particle and aggregate

(P-A), and (3) coagulation between aggregates (A-A). Gener-

ally, the first and second mechanisms may increase Df, while

the third mechanism tends to decrease Df (Brasil et al. 2001).

The quantitative value used to distinguish these coagulation

types is the ratio between the number of primary particles (or

mass) of approaching aggregate-i (Np,i) and the number of pri-

mary particles of targeted aggregate-j (Np,j), namely, Np,i/Np,j. If

the ratio Np,i/Np,j is smaller than 0.1, coagulation between these

particles could be P-A coagulation. The occurrence of Np,i/Np,j

< 0.1 within a range of time is addressed by means of probabil-

ity, in the results and discussion section.

There are two types of coagulation mechanisms according

to position (Rottereau et al. 2004; Orrite et al. 2005): (1) coag-

ulation inside targeted aggregate-j or with interpenetration and

(2) coagulation outside targeted aggregate-j, or without inter-

penetration. In most cases, the coagulation inside aggregate j

may increase Df, while coagulation outside aggregate may

decrease Df. We define a new variable Rsicj as a separation dis-

tance between the surface of approaching aggregate-i and the

center of targeted aggregate-j. The ratio between Rsicj and the

size of aggregate-j Rg,j becomes a critical value indicating that

the coagulation inside aggregate-j occurs as Rsicj/Rg,j < 1.0. In

the results and discussion section, the occurrence of Rsicj/Rg,j

< 1.0 within a range of time will be addressed by means of

probability.

2.6. Monte Carlo Simulation

The Monte Carlo simulation starts from initial conditions in

which a fixed number of spherical (primary) particles are dis-

tributed randomly in a cubic box with an edge length of L.

Here L is determined from the volume fraction of the particles

(f) in the box such that f D NVp/L
3, where N is the initial

number of primary particles: N D 1000, and Vp denotes the

volume of a single primary particle: Vp D 4pa3/3. Hence, the

initial number N is directly proportional to the volume frac-

tion, f. f is set to a value of 0.0005, 0.005, or 0.05 unless oth-

erwise noted.

Next, a particle or aggregate is randomly chosen, and

moves with a step size Ds in a random direction. Its diffusive

motion is allowed conditionally only when diffusion proba-

bility of the particle is larger than a random number drawn

from 0 to 1. Since the diffusion probability is defined as a

ratio of diffusion coefficient of the selected particle to that of

the smallest particle existing at that time, this approach

allows smaller particles to have more chances to move,

reflecting the faster diffusion of these particles (Kim et al.

2010). If the movement leads to overlapping with any other

particles, the move will be cancelled, and the particle

returned to the original position. For the purpose of avoiding

the overlapping between particles, the closest inter-particle

distance with every surrounding aggregate is monitored.

When a pair of aggregates i1 and i2 approach each other

within a distance of 10% primary particle diameter (i.e.,

0.1d), those aggregates will stick together, forming a perma-

nent bonding. Since this is the time when an effective colli-

sion (growth) event occurs, the system time will elapse by an

appropriate time step. The diffusion displacement Ds is set to
a maximum allowable distance, resulting in negligible varia-

tions in the values of Df, hAni, and hCni for the entire range

of volume fractions of interest. In order to find out an optimal

value of Ds in the MC simulations, we have performed a

series of simple MC simulations for DLCA aggregation with

various Ds values. As a result from this test, the radius of the

primary particle was taken for the Ds. It is worth noting that

this choice has been widely accepted by others: Kim et al.

(2010); Orrite et al. (2005).

The number of aggregates is constantly monitored

because a continuous decrease of the aggregate number due

to coagulation would lead to an unavoidable degradation in

statistical accuracy of KMC simulations. For coagulation,

this problem can be solved by doubling (Liffman 1992) the

simulation volume anytime the number of aggregates in the

system reduces by one half. At that moment, the simulation

box containing aggregates is exactly replicated, and con-

nected to the original, so that the volume fraction is always

kept constant and the total number of aggregates to be

selected is always sufficiently large.

As only a single selected particle is allowed to move at

any time in the KMC simulation, the KMC time scale

should be different than that of a real time scale, where the

whole of the particles all move together. To match the

KMC time with real time, the KMC simulation continues to

run with no advance in time until an effective collision lead-

ing to the permanent bonding between two particles occurs.

If a single effective collision event occurs, the system time

will then elapse by an appropriate time interval (Dtk). The
average time interval between two successive collision

events or time steps is defined by the reciprocal of total

rates of all possible coagulation events (Smith and
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Matsoukas 1998; Mukherjee et al. 2003):

Dtk D V0X
l

Rl

D 2N0

C0

XNk ¡ 1

i1

XNk ¡ 1

i2 6¼i1
bi1;i2

; [10]

where V0 is the initial volume of the computational domain,

N0 is the initial number of primary particles, C0 is the initial

number concentration of particles, Rl and bi1,i2 are the rate of

coagulation events and the coagulation kernel for a pair of

aggregates i1 and i2, respectively.

The coagulation or collision kernel bi1,i2 is represented by

different mathematical formulae depending on the Knudsen

number of particles (Buesser et al. 2009). Since Brownian

simulation is carried out at T D 320 K and P D 1.013£104 Pa,

corresponding to a mean free path of air at 743 nm, the free

molecular regime is maintained. The simulation is terminated

when the Knudsen number (Buesser et al. 2009) based on the

geometric mean diameter is lower than 10. Thus, the following

form of the bi1,i2 for fractal-like aggregates in the free molecu-

lar regime is used (Mukherjee et al. 2003):

bi1;i2 D
6kT

r

� �1/2
3

4p

� �λ

a2¡ 6/Df
1

Vi1

C 1

Vi2

� �1/2

Vi1
1/Df CVi2

1/Df
� �2

;

[11]

where r, k, and T are the density of particles, Boltzmann con-

stant, and temperature, respectively. Vi1
and Vi2

are the vol-

umes of aggregates i1 and i2, respectively. The degree of

homogeneity λ in Equation [11] is defined by λD 2/Df ¡ 1/2.

Converting the volume of aggregates to the number of primary

particles, Equation (11) becomes (Jullien, and Meakin 1989;

Vemury and Pratsinis 1995):

bi1;i2 D
6kTa

r

� �1/2
1

Np;i1

C 1

Np;i2

� �1/2

Np;i1
1/Df CNp;i2

1/Df
� �2

;

[12]

where Np,i1 and Np,i2 are the number of primary particles in

a pair of aggregates i1 and i2, respectively. Equation (12) is

derived from a classic approach to predicting Brownian

coagulation rate in the free molecular regime. The classic

theory is accurate for dilute particle volume fractions, but

it is fundamentally limited for describing soft-agglomerate

Brownian coagulation at high solids concentrations (f >

0.1%) (Heine and Pratsinis 2006). In order to resolve this

issue related to high concentration, Trzeciak et al. (2012,

2014) suggested that the concentration enhancement factor

of coagulation kernel (hfm) for the free molecular regime

be modified as follows:

hfm D bfm/bfm;dilute D 1C 10:5f2: [13]

Further details of the simulation procedure are described

elsewhere (Kim et al. 2010).

3. RESULTS AND DISCUSSION

3.1. Validation of the KMC Simulation Code

In order to validate the present KMC simulation codes with

the focus on kinetics, particle size distributions are calculated at

six different times and compared with the self-preserving size

distribution (SPSD) reported by Vemury and Pratsinis (1995).

Using the sectional method, they calculated the SPSD of TiO2

particles grown by Brownian coagulation of 1 nm particles at

1800 K (Vemury and Pratsinis 1995). High temperature and

small particle size indicate that the system condition is in the

free molecular regime, and that the particles behave like liquid

droplets maintaining their spherical shape, which corresponds to

the fast coalescence condition. Figure 1a shows that the present

SPSDs obtained in a time period of 1–2 ns are in good agree-

ment with those by Vemury and Pratsinis (1995). It is noted

that the SPSDs were obtained with 3000 initial primary particles

only in this case under the same condition of fast coalescence.

Figure 1b shows that the geometric standard deviation of par-

ticles increases rapidly from 1.0 (monodisperse) and reaches a

steady-state value with little fluctuation around 1.32. This is

very close to previously reported results (Wu and Friedlander

1993; Vemury and Pratsinis 1995). For further validation of the

KMC code, we calculated time variations of average volume-

equivalent diameter (Dve) and number concentration of spherical

particles in Brownian coagulation and compared them with the

results of Mukherjee et al. (2003) shown in Figures 2a and b,

respectively. It is clear that the present KMC simulation predicts

quantitatively well the growth kinetics of 1 nm spherical silicon

particles by Brownian coagulation at a volume fraction of 10¡6.

Now we consider kinetic simulation on Brownian aggrega-

tion of particles leading to non-spherical aggregates. Starting

from polystyrene latex spheres of 250 nm at a volume fraction

of 2.5 £ 10¡6, average radius of gyration of their fractal-like

aggregates is calculated in real time and compared with the

results of Lattuada et al.’s experiment in Figure 2c. Even for

non-spherical particle growth, it is clearly noted that the pres-

ent KMC code works well. Henceforth, the growth kinetics

and structural characteristics of fractal-like aggregates will be

investigated for a wide range of volume fractions.

3.2. Aggregation Kinetics and Transition Behavior
of Aggregate Morphology

Figure 3 shows the time variations of total number concen-

tration (Ntot) and average volume-equivalent diameter (Dve) of
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particles growing at three different volume fractions (f) of

0.0005, 0.005, and 0.05 in the free molecular regime at tem-

perature 320 K. It should be noted that the profiles of Dve and

Ntot against time are similar to those in Figures 2a and b, even

when the volume fraction f is increased by several orders of

magnitude. It is also observed in Figure 3 that the profiles are

both left-shifted in time by almost the same order of magni-

tude as f increases, maintaining the shape of the Dve profile

with a slow increase followed by a steep rising. In this figure,

we arbitrarily define a characteristics time, tc,1, for each vol-

ume fraction, which is related to the average size and morphol-

ogy of aggregates. Herein, tc,1 is defined as the time required

for Dve to reach 2.7 nm corresponding to hNpi � 20. Though

the choice of 2.7 nm has little basis, the time of tc,1 can

characterize the transient coagulation process well with a

phenomenological discrimination of critical coagulation

stages: particles exhibit the fastest variations in their structures

at t � tc,1 (will be seen). Note that the tc,1 values are 2 £ 10¡8 s,

2 £ 10¡9 s, and 1 £ 10¡10 s for volume fractions of 0.0005,

0.005, and 0.05, respectively. The value of tc,1 for volume frac-

tion of 0.005 is one tenth of that for volume fraction of 0.0005

as is expected. However, the value of tc,1 for volume fraction

of 0.05 is twice smaller than expected from the case of lower

volume fractions. This result suggests that though aggregation

is initially presumed in the dilute regime (Df of 1.8 as will be

seen in Figures 4c and 5c), the aggregation at the highest vol-

ume fraction seems to be accelerated more than the expecta-

tion. This effect is consistent with other previous reports (Fry

et al. 2002; Molnar et al. 2012).

Figures 4a–c shows the time variation of the average fractal

dimension (Df), the average shape anisotropy (hAni), and the

average coordination number (hCni) of aggregates for volume

fractions of 0.0005, 0.005, and 0.05 at 320 K. At the early

stage of aggregation (when t � tc,1) as shown in Figure 4a, Df

and hCni increase most rapidly together with the rapid decrease

of hAni. Then, the three parameters all have minimal change

with time, which is indicative of entering a self-similar state:

the final stage of the aggregation (Bushell et al. 2002; Fry

et al. 2004a,b; Alimova et al. 2009; Heinson et al. 2012).

Note that we define another characteristic time, tc,2, to high-

light a sudden increase of the average Df, particularly at the

volume fraction of 0.05 (will be explained more in the next

section).

The final value of hCni for all volume fractions is 2.0.

This value comes from the fact that if a branch is formed

(Cn > 2.0), then the coordination number of primary particles

at the end of the branch (Cn D 1) will compensate for the

increase of average value. In addition, the number of branches

with Cn > 2.0 is much smaller than the number of simple

bonds with Cn of 2.0. Therefore, the dominant value of coordi-

nation number in the aggregate in the absence of restructuring

processes is always close to 2.0 (Bushell et al. 2002).

The shape anisotropy tends to decrease down to a final

value depending on the volume fraction used. The shape

anisotropy values for volume fractions of 0.0005, 0.005, and

0.05 are 4.2, 4.25, and 3.2 at t � tc,1, and 3.6, 3.2, and 2.2 at

the final stage, respectively. These values indicate that the

coagulation process for volume fractions of 0.0005 and 0.005

are predominated by more stringy and open aggregates as

compared to the case of volume fractions of 0.05. In particular,

the final value of shape anisotropy for the volume fraction of

0.0005 agrees well with the value for diffusion-limited coagu-

lation (Fry et al. 2004a,b).

Figures 4a–c also shows the morphology evolution from

early time (t < tc,1) to the end of aggregation: aggregates at

early time are widely open and stringy, while aggregates at

later time are more compact and less stringy. This fact sug-

gests that aggregation process may increase the average Df to

some values (depending on their volume fraction), rather than

FIG. 1. (a) Self-preserving size distribution of particles produced from the

present Monte Carlo method in terms of the dimensionless number density,

c hð ÞD n t;Vp

� �
V /N1 versus dimensionless volume, hDVp/V in comparison

with the numerical results of Vemury and Pratsinis (1995); (b) variations of

geometric standard deviation (s) of particles with time in comparison with pre-

vious value of Vemury and Pratsinis (1995) and Wu and Friedlander (1993).
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decrease the Df as reported by some previous researchers

(Kostoglou and Konstandopoulos 2001; Gruy 2011). There-

fore, the purpose of our next study is to investigate how Df

could increase in various volume fractions in the absence of

inter-particle potential and to explain the peculiar increase of

the average Df observed at the highest volume fraction as well.

3.3. Effect of Volume Fraction on Transition of
Aggregation Regime

Figures 5a–c shows the time variation of Df and the inter-

particle distance between aggregates for volume fractions of

0.0005, 0.005, and 0.05, respectively. In Figure 5a, the aver-

age radius of gyration of aggregates, hRgi, for volume fraction

of 0.0005 increases from 1 nm up to 10 nm as time elapses,

while the inter-particle distance between aggregates, hRnni,
increases relatively slow. Thus, this explains why the ratio

hRnni/hRgi gradually decreases with time. For volume fraction

of 0.005, Figure 5b shows quite similar behaviors of hRgi and
hRnni to the case of f D 0.0005, leading to hRnni/hRgi > 2.0

FIG. 2. Variations of (a) average volume-equivalent diameter, and (b) number concentration of particles with time (Dve), as predicted from the kinetic Monte

Carlo simulation and compared with Mukherjee et al. (2003) under the assumption of spherical shape (initial diameterD 1 nm, volume fractionD 10¡6, gas tem-

perature, Tg D 320 K); (c) variation of the average radius of gyration from an experiment (circle) measured by Lattuada et al. (2003) and compared with calcu-

lated values (solid line) by current KMC simulation as a function of time, for the polystyrene latex with a primary particle diameter D 72 nm, and a particle

volume fraction of 0.0025%.

FIG. 3. Time variation of number concentration (dashed line with filled sym-

bols) and average volume equivalent diameter of aggregates (solid line with

open symbols) as predicted by the KMC simulation for volume fraction of

0.0005 (circle), 0.005 (rectangular), and 0.05 (diamond).
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FIG. 4. Variation of Df (solid line), hCni (dashed line), and hAni (dotted line) as a function of time for initial volume fraction (f) of: (a) 0.0005, (b) 0.005, and (c) 0.05.

FIG. 5. Time variation of Df (solid line), average size hRgi (dashed line), average separation distance between aggregates (hRnni) (dotted line), and the ratio

hRnni / hRgi (long and short dashed line) for initial volume fractions (f) of: (a) 0.0005, (b) 0.005, and (c) 0.05. The Df represents an average fractal dimension for

an ensemble of all aggregates existing at a time, while Df,large and Df,small in inset are fractal dimensions obtained for each ensemble of large-scale and small-scale

aggregates (refer to Figure 6c).
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over the time of interest. These results suggest that coagulation

process in this system might occur in the dilute regime

(Fry et al. 2004b; Kim and Sorensen 2006).

At the highest volume fraction (f D 0.05) as shown in

Figure 5c, however, hRnni no longer remains large in compari-

son to average size, hRgi. As a result, the ratio hRnni/hRgi
decreases below 2.0 particularly at t > tc,2, which represents

the system moves into the dense regime (Fry et al. 2002;

Dhaubhadel et al. 2006, 2009). Recalling that the sudden

increase of Df occurred at t � tc,2 in Figure 4c, we postulate

that a different coagulation mechanism, which could increase

the average Df over 1.8, takes effect at t � tc,2 and will

predominate over the next coagulation.

Note that based on Equation (3), a single linear fitting

was performed for the log–log plot (Np vs. Rg/a) for an

ensemble of aggregates at a time, which could allow an

automatic calculation of the average Df at every time step

as shown in Figures 4 and 5. This would make sense only

when the aggregates are all characterized with a single

value of Df. As a significant structural change is expected

before and after the time of tc,2 at the highest volume

fraction, the size information of the aggregates (Np vs. Rg)

was extracted to test whether the aggregates have a single

morphology or not, at five different times of tc,1, 2tc,1, 3tc,1
(D tc,2), 9tc,2, and 10tc,1. For example, Figure 6a shows the

log–log plot of aggregates at early time (t D tc,1); all

aggregates are characterized well with a single (average)

value of Df, suggesting that they are still in a dilute

regime.

At t D tc,2, however, the aggregates begin to have two dif-

ferent morphologies with different fractal dimensions of Df D
1.8 and 2.2, at small size scales and large scales, respectively

(Figure 6b). As shown in the figure, the small-scale and

large-scale aggregates are discriminated with different sym-

bols of circles and squares, respectively, and their slopes are

obtained by a linear least-square fitting for each of groups;

Df,large in the figure represents the fractal dimension for the

ensemble of the large-scale aggregates, while Df,small charac-

terizes the small-scale aggregates. With subsequent increase

of time, the Df,large shows a gradual, but discernible increase,

in contrast to the Df,small which is almost invariant. These

behaviors of the fractal dimensions are depicted accordingly

in Figure 5c, in addition to the profile of the average Df.

Another thing to note is that the number fraction of large-

scale aggregates with Df,large among the total aggregates

increases with time, while that of the small-scale aggregates

with Df,small D 1.8 decreases. This population movement of

aggregates, as well as the Df,large increase and growth of

large-scale aggregates, is believed to make the Df,large domi-

nate the average Df at later time.

FIG. 6. Log–log plots of number of monomers (Np) versus radius of gyration normalized by radius of primary particle (Rg/a) of aggregates produced at the vol-

ume fraction of 0.05; (a) at early time of tc,1, (b) at the second characteristic time of tc,2, and (c) at the final stage (>3tc,2).
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Figure 6c highlights their hybrid structure with Df,large and

Df,small. The aforementioned population decrease of small-

scale aggregates with time indicates that the large-scale aggre-

gates are created as being composed of the small aggregates

with lower Df, This is how the aggregates could preserve

the structural nature of their constituent (small-scale). In

Figure 6c, the Df,large of the aggregates increases up to 2.8 at

later time (t > 3tc,2), raising the average Df to 2.3 at the same

time. These findings are summarized in inset of Figure 5c. It

should be here noted that previous works on cluster dense sys-

tems demonstrated the existence of large superaggregates con-

sisting of open-structured small aggregates (Fry et al. 2004a,b;

Kim and Sorensen 2006; Sorensen and Chakrabarti 2011;

Kearney and Pierce 2012). Regarding the unique structural

property of superaggregates, we believe that our aggregates

observed at later time (t > 3tc,2) in Figures 5c and 6c are the

superaggregates. However, there is still another question: how

the small-scale aggregates create such compact structures of

superaggregates. This issue will be addressed in detail in the

next section.

3.4. Effects of Volume Fraction on Coagulation
Mechanism

As the structural compactness of aggregates is affected by

the position where coagulation occurs (on the edge or in the

backbone of targeted aggregate-j), the coagulation position is

monitored in terms of its occurrence frequency or probability

in a range of time (recall Section 2.6). Figure 7a shows that

the probability of coagulation inside targeted aggregate-j

(Rsicj/Rg,j < 1.0) tends to increase with volume fraction; this

probability also increases with time at a higher volume frac-

tion. At a volume fraction of 0.0005, the inside coagulation

probability increases from 7% up to only 17% at t � 2tc,1 and

then becomes almost invariant, suggesting that coagulation

mainly occurs outside (rather than inside) aggregate-j without

interpenetration. Provided that any self-similar aggregates are

attached to the edge of a targeted aggregate, this outside coag-

ulation will not alter the compactness of aggregate in terms of

Df. This inference very likely explains why the inside coagula-

tion probability that was limited to increase at the lowest vol-

ume fraction shows a similar behavior to the average Df in

Figure 5a.

In case of volume fraction of 0.005, the probability

increases steadily from 8% up to 34% over the entire time,

suggesting that coagulation position gradually shifts from out-

side to inside aggregate-j. Correspondingly, the average Df in

Figure 5b keeps increasing all the time. Nevertheless, the final

value of Df is not as high as expected from the large increase

in the probability. At volume fraction of 0.05, the probability

of coagulation inside targeted aggregate-j rapidly increases

FIG. 7. Time variation of two critical probabilities: (a) probability of coagula-

tion inside aggregate-j against time. (b) Probability of P-A coagulation

between dissimilar aggregates against time.

FIG. 8. Relation between the probability of coagulation inside aggregate-j

and the shape anisotropy of aggregate-j.
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from 11% to 31% at t � 2tc,1 and then slightly decreases until t

D tc,2(D 3tc,1), and then increases again to 35%. The inside

coagulation probability at the highest volume fraction is obvi-

ously higher than that in either case of lower volume fractions

at early time (t � 2tc,1). However, it is not high enough to

explain the sudden increase of the average Df at t � tc,2 in Fig-

ure 5c. Here, let us recall, from Section 2.6, that the size of

colliding aggregate with respect to the targeted aggregate,

namely, Np,i/Np,j, would be another factor that can affect the

aggregates structure.

FIG. 9. Schematics of time-varying coagulation mechanisms (a) at a volume fraction (f) of 0.0005, (b) at a volume fraction (f) of 0.05; the shaded box repre-

sents the A-A coagulation, while the white box does the P-A coagulation, and the box size stands for the relative dominance of the P-A or the A-A coagulation;

the aggregates are composed of two parts: a large light-gray (green) aggregate-j and the other small dark-gray (blue) aggregate-i, denoting how two particles

coagulated; the circle (or a red sphere) represents the position where the coagulation occurs; A13,j is the anisotropy of aggregate-j before coagulation between i

and j.
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Figure 7b shows the probability of coagulation between

two dissimilar aggregates i and j as a function of time. In case

that aggregate-i is much smaller than aggregate-j (Np,i/Np,j

< 0.1), which is true with a high volume fraction, we could

treat the aggregate-i like a primary particle in the view of the

aggregate-j, such that the coagulation is categorized to P-A

coagulation. The probabilities of P-A coagulation for volume

fractions of 0.0005 and 0.005 increase slightly from 2%, and

then become steady at 16%–18%, indicating that four out of

five coagulations occur between aggregates (A-A) with open

structures. Even for the inside coagulation, if a coagulating

aggregate-i is similarly large and open structured, this type of

coagulation is postulated to play a limited influence on filling

the inside of aggregate-j. This might be a reason for the limited

increase of the average Df in Figures 5a and b.

The probability of P-A coagulation for volume fraction of

0.05 increases from 6% to 36% with time at t � 2tc,1, and then

becomes steady until t D tc,2, and then jumps up to 63% at the

later stage (t > 3tc,2). Note that the inside coagulation proba-

bility was also the maximum at that time. From this we conjec-

ture that the coagulation mechanism change from the A-A

coagulation to the P-A coagulation allows the primary (rela-

tively small) particles to have no limitation to reach inside

large aggregate-j. Therefore, we believe that this coagulation

mechanism change, accompanied by the coagulation position

shift, relates to the sudden increase of the average Df from

1.85 to 2.2 at t > tc,2 as shown in Figure 5c.

Figure 8 shows the probability of coagulation inside tar-

geted aggregate-j against shape anisotropy value. The proba-

bility of interpenetration (Rsicj/Rg,j < 1.0) for volume fraction

of 0.0005 smoothly decreases from 25% to zero when the

aggregates structure becomes more compact (less anisotropic)

with time. Again, we confirm that the elimination of interpene-

tration supports the limited increase of Df in the dilute regime.

The probability appears to be well correlated with shape

anisotropy in the dilute regime (solid line in Figure 8). On the

contrary, the probability of Rsicj/Rg,j < 1.0 for volume frac-

tions of 0.05 is almost independent of shape anisotropy. This

implies that even while targeted aggregates-j become denser

and more isotropic until hA13,ji � 2.0 with time, a number of

small aggregates with Df,small D 1.8 (seen in Figure 6c) are

allowed to penetrate inside the target and complete the P-A

coagulation. This might be a sort of driving force for increas-

ing the average Df over 2.0. When the aggregate becomes too

compact (hA13,ji < 2.0), the probability eventually reduces to

zero. This denotes that too dense aggregates do not allow any

small aggregates to coagulate inside, because only a few of

pores are available for interpenetration.

Figures 9a and b show the schematics visually demonstrat-

ing coagulation mechanisms for two limiting cases of volume

fractions of 0.0005 and 0.05, respectively. Note that all of the

aggregates shown in the figures are real snapshots taken during

the MC simulations for visualizing morphology of aggregates

at significant stages of coagulation. Initially, coagulation at

both volume fractions starts from mono-dispersed particles

with different separation distances between them. At t < tc,1
representing the early stage, coagulation occurs in a consecu-

tive way of particle–particle (P-P), particle–aggregate (P-A),

and aggregate–aggregate (A-A) coagulations at both volume

fractions: P-A coagulation when Np,i /Np,j < 0.1 and A-A coag-

ulation if otherwise (see Section 2.6).

For the volume fraction of 0.0005 in Figure 9a, the ratios of

Np,i/Np,j and Rsicj/Rg,j are mostly larger than 0.1 and 1.0,

respectively, over the entire time considered. Thus, the proba-

bility of interpenetration between aggregates becomes insig-

nificant and A-A coagulation mainly occurs as depicted by the

box sizes. Even though 16%–18% of coagulations occur inside

aggregate-j, the coagulation occurs mainly between open-

structured aggregates (Df » 1.6; hAni » 4 from Figure 4a).

Such an A-A coagulation limits an increase of the average Df.

Thus, the low volume fraction of 0.0005 leads to A-A coagula-

tion with low probability of interpenetration between aggre-

gates, limiting the transition to the dense regime and resulting

in almost constant Df of 1.7–1.8.

For the volume fraction of 0.05 in Figure 9b, on the other

hand, P-A coagulation is not negligible during the entire pro-

cess of coagulation (Figure 7b). Particularly at t > 3tc,1
(»tc,2), as the P-A coagulation predominates, the P-A coagula-

tion with the highest probability of inter-penetration becomes

a major route for the formation of superaggregates. At the

same time, even A-A coagulation could occur with the highest

interpenetration probability, which makes the overall aggre-

gate structures compact and isotropic at the final stage in Fig-

ure 9b. After the aggregates become too large and too

compact at the last stage; the ratio of Rsicj/Rg,j and shape

anisotropy (A13,j) of aggregate-j are 1.5 and 1.6, interpenetra-

tion process of particles into the compact aggregate is not

allowed any more. As such, increasing volume fraction will

increase the average Df to some extent, not continually.

4. CONCLUSION

Artificial aggregates at different volume fractions were gen-

erated during aggregation process by using the Kinetic Monte

Carlo method. Applying the structure analyses for fractal

dimension, coordination number, and shape anisotropy, we

found that the aggregates structure in the early stage exhibits a

low degree of compactness, and then, the aggregates eventu-

ally become more compact in structure along with their

growth. At the low volume fraction of 0.0005, the coagulation

process followed the DLCA process under the dilute regime,

resulting in a typical DLCA structure of Df D 1.7–1.8. Coagu-

lation at the high volume fraction of 0.05 underwent the

regime change from the dilute to dense condition at a certain

characteristic time of tc,2. As a result, the aggregates at early

time of t < tc,2 preserved their dilute-limit fractal dimension of

1.8. At t > tc,2, on the other hand, the aggregates underwent a

gradual structural transformation from the dilute-limit open
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structure to the hybrid structure of superaggregates. This dis-

tinct regime change of coagulations was investigated in detail

in terms of probabilities of interpenetration, and P-A or A-A

coagulation. At the low volume fraction, the coagulation was

predominated by the A-A coagulation with rare interpenetra-

tion, resulting in Df < 1.85 as in the dilute limit. At the highest

volume fraction, coagulation occurred in two subsequent

steps: typical A-A coagulation in dilute regime at the early

stage followed by the P-A coagulation with the highest proba-

bility of interpenetration at the later stage (at t > tc,2). This

was proposed as a main route for creation of the superaggre-

gates at the dense condition.
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